fair quantitative agreement is obtained. The greatest error (9*2 %) is in line 210, the only one which is in the wrong order.
I n t r o d u c t i o n
In the course of an X-ray study of copper-iron-nickel alloys in this laboratory Dr A. J. Bradley discovered an interesting, and, it is believed, new diffraction effect. The alloy Cu4FeNi3 which is single phase (face-centred cubic) above about 800° C, and of which the equilibrium state a t lower temperatures consists of two phases of similar structure (Koster & Dannohl 1935; Bradley, Cox & Goldschmidt 1941) was heat-treated a t 650° C for 1 hr. This treatm ent was not sufficient to destroy the coherence of the crystal lattice; the diffraction lines remained quite sharp; bu t each one was flanked by two slightly diffuse, but quite strong, side-bands. A photograph is shown in figure 16 ; this may be compared with the photograph of the single-phase state shown in figure l a (Plate 16).
The alloy is the same as th a t for which Bradley (1940) has found another m eta stable state. In this state, each diffraction line is split into a group of lines as shown in figure lc, and Bradley has shown th a t these groups can be explained by the presence of two tetragonal structures whose axial ratios are nearly unity. The a axes were found to be equal and so the natural conclusion to draw was th a t the two phases fit together on the (100) planes. Comparison of figures 16 and lc, however, shows th at the new phenomenon is not directly related to the formation of the tetragonal structures, and the fact th a t each fine has a similar structure would suggest th a t the explanation is fundamentally simpler.
The most obvious suggestion is th a t the structure is modulated in some way by a periodic variation whose wave-length is much larger than the natural one-the length of the unit cell. The result should then be the formation of side-bands as in wireless theory, and it is necessary to see if such an explanation can fit in with the experimental data.
T h e o r y
Two sorts of periodic variations can be easily imagined-variations in atomic scattering factor and variations in lattice parameter. We shall consider these in one dimension, as this brings out all the essential points and the mathematics is simpler.
For the first case we may imagine a diffraction grating whose spacing is a but of which the scattering power varies sinusoidally with a wave-length Qa. We may put the scattering of the gth line as
where A is a constant less than unity. This may be treated as a grating of spacing Qa with a fine structure. Applying the ordinary crystal-structure formulae ( . Tab. 1935) , the relative amplitudes of the orders of diffraction for such a grating are
where H is the order of diffraction. Thus
Each of the summations is a geometrical series and so the sum is
The expression for the intensities FHF^, is obviously rather complicated, but if Q is large it is not necessary to evaluate it. For it can easily be seen th a t FH is large only if H, H + 1, or H -1 is a multiple of Q; the relative amplitudes for these cases are 1, \A and \A .
These orders may then be written as hQ, hQ + 1, and hQ -1, where In is an integer. Since the period of the grating is Q times as long as the spacing of the undeformed grating, it is easily seen th at the number h is the index of an order from the undeformed grating. Thus the effect of the distortion we have postulated may be regarded as the production of subsidiary orders h ± 1 / Qo f am orders. That is, each diffraction line will be flanked by two weak satellites as shown diagrammatically in figure 2a . The second grating to be considered is one in which the positions of the lines vary periodically. This may be expressed by putting the lines a t points qa + Bsm2nqlQ, (5) where B is the maximum displacement of any one line from its ideal position. The maximum and minimum distances between the lines obviously occur a t the values of q for which expression (5) is varying most rapidly; a t = 0 for instance. Putting q = 0 and q = 1 in (5) we find th a t the maximum distance between the lines is a + which, if Q is large, reduces to a + 2nBIQ.
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Similarly the minimum distance is a -2nBIQ.
Since these distances have simpler physical significance than the displacement of any one line from its ideal position, we shall put
and 6 is then the amplitude of variation of the lattice parameter. Thus expression (5) becomes
This again may be taken as representing a grating of spacing Qa with a fine structure and the relative amplitudes of the orders of diffraction are This is similar to expression (2) and may be evaluated similarly. Again the s are large only for orders hQ, hQ + 1 and hQ -1, and in these cases their relative ampli tudes are 1, hQb/2a, hQb/2o. A representation of the diffraction pattern is shown in figure 26 . I t will be seen th at this differs in an important way from the pattern due to a grating of the first kind: for this each spectrum line had a similar fine structure ; for the second grating the fine structure depends on h and the intensities of the satellites are proportional to h2. Thus, as a special case, the zero order spectrum would have no satellites.
These results are in agreement with those of Dehlinger (1927) and Kochendorfer (1939) who have worked out the rigorous theory of diffraction by a crystal with a sinusoidally distorted lattice. They find th at each ordinary diffraction line is replaced by a grcup of equidistant lines, whose amplitudes are given by Jn(hQb/a) where Jn is the nth order Bessel function. J0 gives the main line,. the first satellite, etc. Thus the details of the spectra would be as jhown by figure 2c. For 6 = 0, J0 = 1 and all the other «/'s are zero; thus the zero order has no satellites. If is small, J0 = 1, Jx = \hQbja, and the other orders are negligibly small. This is our approximate case; the justification for introducing it separately is th at, as will be shown later, it provides a more convenient basis for comparison with our experi mental data.
Other types of grating may exist in which the two types of distortion are combined, Preston (1938) has shown th a t one result of this may be an asymmetry in the dis tribution of satellites about the main lines. This may easily be verified by the methods described above. I t is necessary to adapt our results to the three-dimensional case. Bragg (1941) has pointed out th a t the satellites produced by a periodic disturbance in a crystal may be simply interpreted in reciprocal space; each reciprocal point will be accom panied by a pair of satellite points, the three lying in a line in the direction of the disturbance and the separation being inversely proportional to its wave-length. In a cubic crystal, however, it is improbable that, without external influence, a dis turbance should occur in only one direction; any disturbance in the [100] direction, for instance, is equally likely to occur in the [010] and [001] directions in other parts of the same crystal. Thus we would have to consider three pairs of spots round each reciprocal point. This, of course, is the simplest possible case; if the disturbance were in any other crystallographic direction the number of satellites would be greater.
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The simple case is illustrated in figure 3 . The main reciprocal points are repre sented by circles and the satellites by small black spots. The areas of these spots have been made proportional to the amplitudes th a t would result from a periodic variation of lattice parameter, according to the results derived from equation (11). Thus in the general case a main point will be accompanied by three pairs of satellites of different intensities, as will be seen, for example, for the point 132 in figure 3 . If one index is zero, the corresponding spots will be of zero intensity, and so one would expect only two pairs of satellites. If, however, the periodicity is one of scattering factor each reciprocal point will have the same number of satellite points round it, irrespective of its indices.
E x p e r i m e n t a l w o r k
The above considerations provide a basis for examining the experimental data, which may conveniently be divided into three categories.
(1) Numbers of satellite spots
In order to count these and find their orientations, single crystal photographs are really needed. Attempts were made to obtain such crystals, but they were not successful. Some fragments of alloy with relatively few crystals were obtained, however, and although the orientations of the separate crystals could not be deduced it was verified th a t there were discrete spots near the main reflexions. Oscillation photographs were taken with CrK, FeK and CuK radiations. None of the reflexions 200, 311 and 400 showed more than two side spots, and none of the reflexions 220 and 331 showed more than four. 222 usually showed four, but in one or two cases there was a suspicion of a greater number; the small scale of the effect, however, made it difficult to observe more than four satellites. Now these numbers of satellite spots are approximately those th a t would be expected from the reciprocal lattice shown in figure 3; they are right for 200, 220 and 400, and for 311 and 331 a spot corre sponding to index unity might be too close in and too weak to be observed. 420 did not show clear satellite spots but this might be explained by the merging together of spots due to indices 2 and 4.
This evidence therefore strongly suggests th a t the periodicity is of the second type -variation of lattice parameter-and is in the direction of the cube edges. For a complete proof of the second point, however, the orientations of the separate crystals would be required.
(2) Positions of the side-bands Definite confirmatory evidence of the direction of the periodicity can be obtained from powder photographs. Bearing in mind th at distances from the origin in reciprocal space are proportional to sin# we can see from figure 3 th a t the distances of the side-bands from the main lines will not be simply a function of The separa tion is a maximum for reflexions th a t lie in the directions of the distortions and is a minimum for those th a t are farthest from these directions. In the case considered these are the 100 and 111 reflexions respectively.
Powder photographs were taken with FeK and CuK radiations in a camera of 19 cm. diameter (Bradley, Lipson & Petch 1941) ; these were microphotometered in order to derive the separation of the side-bands and their intensities. A typical microphotometer curve is shown in figure 4. I t was obvious from the photographs th a t the separations were roughly correct: the side-bands on line 111 were so close to the main line th a t they were barely recognizable, while those on 200 were much further out; the separation for line 311 was greater than for line 222 although the latter has a higher value of The measure ments supported the visual estimates very well.
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To test the theory an expression must be found for the separations of the side-bands in terms of the indices. If 0 is the Bragg angle for the reflexion
where A is the wave-length of the radiation. Therefore, if the index h changes by a small amount 8h while the other two are kept constant, the change in#, 80, is gi 2h8hX2 = 4a2 2 sin# cos080.
In our case, 8h = 1 / Q ,and so, dividing (12) by (13) h, k, and l, for h in (14) . For most of the low order lines, however, the side-bands are single since the indices are either zero, when the side-band would fall on the main line, or equal. For 311 and 331, for which this is not true, we have assumed th a t we have measured the separation corresponding to the index 3; for 420 the difference in separation of the two sets of side-bands is less, and this is in agreement with the lack of clarity which made measurement of peak positions for this reflexion quite impossible.
That the separations of the side-bands agree with equation (14) is shown in table 1 by the fact th a t the values of Q calculated from them are constant within the limits of experimental error. 
(3) Intensities of the side-bands
The intensities of the side-bands provide less satisfactory evidence. A periodicity in scattering factor would give a constant value for the ratio of the intensity of the side-spots to the main reflexion; a periodicity in lattice parameter would make it increase rapidly with index. Measurements show th a t neither of these rules is obeyed. / / / 0, the ratio of the intensities of the side-bands to the main lines on a powder photograph, has an erratic increase with angle; the details are given in table 2. I t might be thought th a t a combination of the two types of periodicity might explain the data, but the asymmetry found by Preston (1938) has not been noticed by us. Moreover, there is definite evidence against this theory. First, the photographs of the coarse-grained specimens show no satellite spots lying on the Debye lines of the main reflexions. Whatever the orientations of the crystals, reflexions with the same value of should lie on these lines. This is direct evidence th a t the satellites corresponding to zero index have zero intensity, in accordance with the results from equation (11). Indirect evidence in support of this is given by the powder photographs, as there is no trace of higher background beneath the main lines. I t is true th a t this would not be clearly visible, but if there were an increase of the same order as the observed satellites, it could not be missed.
Also, the intensities of the side-bands, although they do not agree with either theory, do show a reasonably smooth variation if each satellite spot is assumed to have an intensity proportional to the square of the corresponding index. I f the intensities were independent of index, quite a different variation should arise. In fact, it may easily be shown th a t the reflexion 200, for instance, is quite incompatible with this possibility; having two zero indices, it should have four satellite spots coincident with the main line, and this is not strong enough to adm it of this possi bility if they were equal in intensity to the observed side-bands. This may be seen from the data given in table 2. We have also considered other sorts of possibilities, but none gives as smooth a variation as the assumption th a t the intensities of the satellite spots are proportional to h2.
In this case, the intensity of the side-bands should be proportional to the sum of the squares of the indices, th a t is, N . Again, there is some doubt in lines of mixed indices concerning the distribution of the satellites between the main line and the side-bands; line 311, for instance, agrees better if N is taken as 9 instead of 11, suggesting th a t the satellites corresponding to index 1 are included in the main line.
In column 3 of table 2 values of I /I 0N are given. These are not constant as they should be if the periodic variation were entirely one of lattice parameter. Thus the values of Qbja derived from them, and given in the next column, are also not con stant; but as we have pointed out above, the variation with angle is reasonably regular.
V. Daniel and H. Lipson D i s c u s s i o n o f t h e r e s u l t s
I t is useful a t this stage to summarize the conclusions th a t have been reached. I t has been shown definitely th a t (a) there is a modulation in the structure which is parallel to the cube planes, and (6) the period of the modulation is about 50 unit cells (180 A). The breadth of the side-bands would suggest th a t the period varies from about 30 to 70 unit cells.
The type of modulation has not be decided definitely; modulation of scattering factor fails completely to explain the experimental data, and modulation of lattice parameter, while it accounts for most of the data, does not explain completely the variation of the intensities of the side-bands with angle. Variations in scattering factor are, of course, not to be expected in an alloy of elements whose atomic numbers are so close together, but it was thought unwise to neglect completely their possi bility.
I t also cannot be decided whether the modulation is one, two, or three dimen sional; th at is, whether the maxima and minima of the modulation lie on planes parallel to the cube faces, on lines formed by the intersection of two such sets of planes, or on points formed by the intersection of three. The former, of course, fits in well with the usual ideas of lamellar precipitation in alloys and is the easiest arrangement to envisage. I t is hoped to get direct evidence by means of the electron microscope.
Since the main defect of the theory lies in the intensities it gives, and since the calculations assume th a t hQbja should be small compared with unity, it is necessary to see if the defect is removed by the application of the rigorous theory. In table 2 it is seen th a t Qbja is of the order of 0*5; thus hQbja is by no means small. Neverthe less this cannot explain the discrepancy; in fact it increases it. For we have seen th a t the intensities of the main lines and the satellites are proportional to the squares of the different orders of the Bessel functions of hQb/a. If Qbja is 0*5, J0(hQb/a) is nearly zero when h = 4, and also the number of satellites should be quite is seen from figure 1 b th a t this is not so; the main lines are all quite strong, and the satellites show only traces of higher orders.
We are thus placed in the puzzling position th a t the approximate theory fits the numerical results better than the rigorous one. This is probably bound up with the lack of perfection of the modulations. We have seen th a t according to the breadths of the side-bands Q may vary from 30 to 70 unit cells; the lower limit may be even smaller since the intensity decreases as Q decreases. Thus although the average value of Q is 50 there may still be a large volume of the crystal for which Q is much smaller. This would contribute little to the side-bands and would leave the main lines quite strong, as they are observed to be. On the other hand, it is impossible to explain the relative intensities of the side-bands in this way since they should still increase rapidly with angle. No type of distortion th a t we have been able to treat mathematically will produce any change in the intensities of the side-bands; they merely change their shapes. I t is possible, of course, th a t with increase of order part of the side-bands merges into the background, but it is not easy to account for the strength of the main lines in this way.
